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COMPARISON OF COMPLETELY POSITIVE MAPS ON
HILBERT C∗-MODULES
MARIA JOIT¸A
Abstract. We introduce a preorder relation in the collection of all operator
valued completely positive maps on a full Hilbert C∗-module and character-
ize this relation in terms of the Stinespring construction associated to each
completely positive map.
1. Introduction and preliminaries
The study of completely positive maps is motivated by their applications to
quantum information theory, where operator valued completely positive maps on
C∗-algebras are used as a mathematical model for quantum operations, and quan-
tum probability. Many problems from quantum information theory involve charac-
terization and comparison of quantum operations. The structure theorems and the
Radon-Nikodym type theorems for completely positive maps between C∗-algebras
play an important role to characterization and comparison of quantum operations
and so to understanding of certain problems from quantum information theory.
Stinespring [8, Theorem 1] showed that an operator valued completely positive map
ϕ on a unital C∗-algebra A is of the form V ∗ϕpiϕ (·) Vϕ, where piϕ is a representation
of A on a Hilbert space Hϕ and Vϕ is a bounded linear operator (for non-unital
case, see, for example, [7, Theorem 5.6]). Given two completely positive maps ϕ
and ψ from a C∗-algebra A to L(H), ψ ≤ ϕ if ϕ− ψ is a completely positive map
from A to L(H). Arveson [2, Theorem 1.4.2] showed that, in the unital case, ψ ≤ ϕ
if and only if there is a unique positive contraction ∆ϕ (ψ) in the commutant of
piϕ (A), such that ψ (·) = V ∗ϕ∆ϕ (ψ)piϕ (·)Vϕ (for non-unital case, see, for example,
[5, Theorem 3.5]). This result can be regarded as a Radon-Nicodym type theo-
rem for operator valued completely positive maps on C∗-algebras and the positive
linear operator ∆ϕ (ψ) is called the Radon-Nikodym derivative of ψ with respect
to ϕ. Asadi [3] and Bhat, Ramesh and Sumesh [4] provided a construction which
looks like Stinespring’s construction for a class of maps on Hilbert C∗-modules over
unital C∗-algebras, called operator valued completely positive maps on Hilbert C∗-
modules. A covariant version of this construction was obtained in [6]. In this paper,
we will prove a Radon-Nicodym type theorem for operator valued completely pos-
itive maps on Hilbert C∗-modules.
Hilbert C∗-modules are generalizations of Hilbert spaces and C∗-algebras. A
Hilbert C∗-module X over a C∗-algebra A (or a Hilbert A-module) is a linear
space that is also a right A-module, equipped with an A-valued inner product 〈·, ·〉
that is C- and A-linear in the second variable and conjugate linear in the first
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variable such that X is complete with the norm ‖x‖ = ‖〈x, x〉‖ 12 . If the closed
bilateral ∗-sided ideal 〈X,X〉 of A generated by {〈x, y〉 ;x, y ∈ X} coincides with
A, we say that X is full.
Given two Hilbert spaces H and K, the Banach space L(H,K) of all bounded
linear operators from H to K has a canonical structure of Hilbert C∗-modules over
L(H) with the right module action given by T · S = TS for T ∈ L(H,K) and
S ∈ L(H) and the inner product given by 〈T1, T2〉 = T ∗1 T2 for all T1, T2 ∈ L(H,K).
A representation of the Hilbert A-module X on the Hilbert spaces H and K is
a map piX : X → L(H,K) with the property that there is a ∗-representation piA of
A on H such that
〈piX (x) , piX (y)〉 = piA (〈x, y〉)
for all x and y in X . If X is full, then the underlying ∗-representation piA of piX is
unique. A representation piX : X → L(H,K) of X is nondegenerate, if [piX(X)H] =
K and [piX(X)∗K] = H (here, [Y ] denotes the closed subspace of a Hilbert space
Z generated by the subset Y ⊆ Z). Two representations piX : X → L(H,K) and
pi
′
X : X → L(H
′
,K′) are unitarily equivalent if there are two unitary operators
U1 ∈ L(H,H′) and U2 ∈ L(K,K′ ) such that U2piX(x) = pi′X(x)U1 for all x in X
(see, for example, [1]).
An operator valued completely positive map on X is a map Φ : X → L(H,K)
with the property that there is a completely positive map ϕ : A→ L(H), such that
〈Φ (x) ,Φ (y)〉 = ϕ (〈x, y〉)
for all x and y in X . If X is full, then the completely positive linear map ϕ
associated to Φ is unique. Throught the paper, when we say that Φ is an operator
valued completely positive map on X , we will suppose that its associated complety
positive map on A is denoted by the same small letter ϕ. If Φ : X → L(H,K) is a
completely positive map on X , then Φ is linear and continuous. An operator valued
completely positive map Φ : X → L(H,K) is nondegenerate if [Φ (X)H] = K and[
Φ (X)
∗K] = H.
In [6, Theorem 2.2 (1)], we showed that an operator valued completely positive
map Φ on a full Hilbert C∗-module X is of the form Φ(·) = W ∗ΦpiΦ(·)VΦ, where
piΦ is a representation of X on the Hilbert spaces HΦ and KΦ, WΦ is a coisometry
from KΦ to K and VΦ is a bounded linear operator from H to HΦ. Quintuple
(piΦ,HΦ,KΦ, VΦ,WΦ) is called the Stinespring construction associated to Φ. More-
over, (piϕ,HΦ, VΦ), where piϕ is the ∗-representation of A associated to piΦ, is the
Stinespring construction associated to ϕ, and under some conditions the Stine-
spring construction associated to Φ is unique up to unitary equivalence (see [6,
Theorem 2.2 (2)]) in the sense that if (pi′,H′,K′, V ′,W ′) is another quintuple such
that Φ(·) = (W ′)∗ pi′(·)V ′, [pi′(X)V ′H] = H′ and [pi′(X)∗W ′K] = K′, then there are
two unitary operators U1 ∈ L(HΦ,H′) and U2 ∈ L(KΦ,K′) such that, U1VΦ = V ′,
U2WΦ =W
′ and U2piΦ (x) = pi′(x)U1 for all x ∈ X .
In this paper, we introduce an equivalence relation on the collection of all oper-
ator valued completely positive maps on a full Hilbert C∗-module X , and we show
that the Stinespring constructions associated to equivalent completely positive maps
are unitarily equivalent. Also, we introduce a preorder relation in the collection of
all operator valued completely positive maps on a full Hilber C∗-module X , and
prove a Radon-Nicodym type theorem for operator valued completely positive maps
on Hilbert C∗-modules.
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2. Completely positive maps
Let X be a full Hilbert C∗-module over a C∗-algebra A, let H and K be two
Hilbert spaces and C(X,L(H,K)) = {Φ : X → L(H,K); Φ is completely positive}.
Definition 2.1. Let Φ,Ψ ∈ C(X,L(H,K)). We say that Φ is equivalent to Ψ,
denoted by Φ ∽ Ψ, if Φ (x)
∗
Φ (x) = Ψ (x)
∗
Ψ(x) for all x ∈ X.
Remark 2.2. The relation defined above is an equivalence relation on C(X,L(H,K)).
Proposition 2.3. Let Φ,Ψ ∈ C(X,L(H,K)). Then Φ ∽ Ψ if and only if there is
a partial isometry V ∈ L(K) with V V ∗ = p[Φ(X)H] and V ∗V = p[Ψ(X)H] such that
Φ (x) = VΨ(x) for all x ∈ X.
Proof. First, we suppose that Φ ∽ Ψ. Let (piΦ,HΦ,KΦ, VΦ,WΦ) be the Stinesping
construction associated to Φ and (piΨ,HΨ,KΨ, VΨ,WΨ) the Stinespring construc-
tion associated to Ψ. Since Φ (x)
∗
Φ (x) = Ψ (x)
∗
Ψ(x) for all x ∈ X , ϕ = ψ and
then, by the proof of Theorem 2.2 in [6] and Lemma 1.4.1 in [2], there is a unitary
operator U1 ∈ L(HΨ,HΦ) such that VΦ = U1VΨ.
From
〈piΦ (x) VΦh, piΦ (x) VΦh〉 =
〈
V ∗ΦpiΦ (x)
∗
piΦ (x)VΦh, h
〉
= 〈V ∗Φpiϕ (〈x, x〉)VΦh, h〉
= 〈ϕ (〈x, x〉)h, h〉 = 〈ψ (〈x, x〉)h, h〉
= 〈piΨ (x)VΨh, piΨ (x)VΨh〉
for all x ∈ X and for all h ∈ H, and taking into account that KΨ = [Ψ (x)H] =
[piΨ (X)VΨH] and KΦ = [Φ (x)H] = [piΦ (X)VΦH] (see [6, Theorem 2.2]), we de-
duce that there is a unitary operator U2 : KΨ → KΦ, such that
U2 (piΨ (x) VΨh) = piΦ (x) VΦh
for all h ∈ H. Moreover, U2piΨ(x) = piΦ (x)U1 for all x ∈ X , since
U2piΨ(x) (piψ (a)VΨh) = U2 (piΨ (xa) VΨh) = piΦ (xa) VΦh
= piΦ (x) (piϕ (a)VΦh) = piΦ (x)U1 (piψ (a)VΨh)
for all a ∈ A and for all h ∈ H, and since [piψ (A)VΨH] = HΨ.
Let V =W ∗ΦU2WΨ. From
V V ∗ =W ∗ΦU2WΨW
∗
ΨU
∗
2WΦ = pKΦ = p[Φ(X)H]
and
V ∗V =W ∗ΨU
∗
2WΦW
∗
ΦU2WΨ = pKΨ = p[Ψ(X)H],
we deduce that V is a partial isometry. Moreover,
Φ (x) = W ∗ΦpiΦ(x)VΦ =W
∗
ΦpiΦ(x)U1VΨ =W
∗
ΦU2piΨ(x)VΨ
= W ∗ΦU2WΨW
∗
ΨpiΨ(x)VΨ =W
∗
ΦU2WΨΨ(x) = VΨ(x)
for all x ∈ X .
Conversely, suppose that there is a partial isometry V ∈ L(K) with V V ∗ =
p[Φ(X)H] and V ∗V = p[Ψ(X)H] such that Φ (x) = VΨ(x) for all x ∈ X . Then
Φ (x)
∗
Φ (x) = Ψ (x)
∗
V ∗VΨ(x) = Ψ (x)∗Ψ(x) for all x ∈ X , and so Φ ∽ Ψ. 
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Remark 2.4. Let Φ,Ψ ∈ C(X,L(H,K)) such that Φ ∽ Ψ. If Φ,Ψ are nondegen-
erate, then there is a unitary operator V ∈ L(K) such that Φ (x) = VΨ(x) for all
x ∈ X. Indeed, if Φ and Ψ are nondegenerate, then [Φ (X)H] = [Ψ (X)H] = K,
and so V is a unitary operator.
Corollary 2.5. Let Φ,Ψ ∈ C(X,L(H,K)). Then Φ ∽ Ψ if and only if their
Stinespring constructions are unitarily equivalent.
Proof. Let (piΦ,HΦ,KΦ, VΦ,WΦ) and (piΨ,HΨ,KΨ, VΨ,WΨ) be the Stinesping con-
structions associated to Φ and Ψ. If U2 and U1 are the unitary operators de-
fined in the proof of Proposition 2.3, then: U2piΨ(x) = piΦ (x)U1 for all x ∈
X ;VΦ = U1VΨ, and it is not difficult to check that WΦ = U2WΨV
∗. Therefore,
(piΦ,HΦ,KΦ, VΦ,WΦ) and (piΨ,HΨ,KΨ, VΨ,WΨ) are unitarily equivalent.
Clearly, if the Stinespring constructions associated to Φ and Ψ are unitarily
equivalent, then Φ (x)
∗
Φ (x) = Ψ (x)
∗
Ψ(x) for all x ∈ X , and so Φ ∽ Ψ. 
Example 2.6. It is not difficult to verify that the maps Φ,Ψ :M2(C)→ L(C2,C4)
defined by
Φ
([
a11 a12
a21 a22
])
=


√
3
2 a11
√
3
2 a12√
3
2 a21
√
3
2 a22
1
2a11
−1
2 a12
1
2a21
−1
2 a22

 ,
respectively
Ψ
([
a11 a12
a21 a22
])
=


√
3
2 a11
√
3
2 a12√
3
2 a21
√
3
2 a22−1
2 a11
1
2a12
1
2a21
−1
2 a22


are completely positive with the same underling map ϕ :M2(C)→M2(C) given by
ϕ
([
a11 a12
a21 a22
])
=
[
a11
a12
2
a21
2 a22
]
. So Φ ∽ Ψ. Moreover, Φ and Ψ are nondegen-
erate and
Φ
([
a11 a12
a21 a22
])
=


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1

Ψ
([
a11 a12
a21 a22
])
.
Example 2.7. A simple calculus shows that the maps Φ,Ψ : M2(C) → L(C2,C5)
defined by
Φ
([
a11 a12
a21 a22
])
=


√
2a11 0
0
√
3a22
0 0√
2a21 0
0
√
3a12

 ,
respectively
Ψ
([
a11 a12
a21 a22
])
=


a11 −a22
a11 a22
0
√
3a12√
2a21 0
0 a22


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are completely positive with the same underling map ϕ :M2(C)→M2(C) given by
ϕ
([
a11 a12
a21 a22
])
=
[
2a11 0
0 3a22
]
, and Φ is degenerate. So Φ ∽ Ψ, and
Φ
([
a11 a12
a21 a22
])
=


√
2
2
√
2
2 0 0 0
−
√
3
3
√
3
3 0 0
√
3
3
0 0 0 0 0
0 0 0 1 0
0 0 1 0 0

Ψ
([
a11 a12
a21 a22
])
.
Definition 2.8. Let Φ,Ψ ∈ C(X,L(H,K)). We say that Φ is dominate by Ψ,
denoted by Φ 2 Ψ, if ϕ ≤ ψ (in the sense that the ψ − ϕ is a completely positive
linear map) where ϕ and ψ are the completely positive linear maps associated to Φ
respectively Ψ.
Remark 2.9. Let Φ,Ψ,Φ1,Φ2,Φ3 ∈ C(X,L(H,K)). Then we have:
(1) Φ 2 Φ for all Φ ∈ C(X,L(H,K));
(2) If Φ1 2 Φ2 and Φ2 2 Φ3, then Φ1 2 Φ3;
(3) Φ 2 Ψ and Ψ 2 Φ if and only if Φ ∽ Ψ.
For a representation piX of X on the Hilbert spaces H and K, piX (X)′ = {T ⊕
S ∈ L(H ⊕ K);piX(x)T = SpiX(x) and piX(x)∗S = TpiX(x)∗ for all x ∈ X} is
a C∗-algebra called the commutant of piX (see [1, Lemma 4.3]). If (piX ,H,K) is
nondegenerate, then T ∈ piA (A)′ (see [1, Lemma 4.4]), and moreover, if T ⊕ S ∈
piX (X)
′
, then S is unique determined by T (see [1, Note 4.6]).
Lemma 2.10. Let Φ ∈ C(X,L(H,K)) and let (piΦ,HΦ,KΦ, VΦ,WΦ) be the Stine-
sping construction associated to Φ. If T ⊕ S ∈ piΦ (X)′ is a positive element, then
the map ΦT⊕S : X → L(H,K), defined by ΦT⊕S (x) = W ∗Φ
√
SpiΦ(x)
√
TVΦ, is
completely positive.
Proof. Indeed, we have
ΦT⊕S (x)
∗
ΦT⊕S (y) = V ∗Φ
√
TpiΦ(x)
∗√SWΦW ∗Φ
√
SpiΦ(y)
√
TVΦ
= V ∗Φ
√
TpiΦ(x)
∗SpiΦ(y)
√
TVΦ
= V ∗Φ
√
TpiΦ(x)
∗S
√
SpiΦ(y)VΦ = V
∗
ΦT
2piΦ(x)
∗piΦ(y)VΦ
= V ∗ΦT
2piϕ(〈x, y〉)VΦ
(cf. [2, Theorem 1.4.2])
= ϕT 2 (〈x, y〉)
for all x, y ∈ X , and so ΦT⊕S is an operator valued completely positive map. 
Remark 2.11. The completely positive map associated to ΦT⊕S is ϕT 2 .
Theorem 2.12. Let Ψ,Φ ∈ C(X,L(H,K)). If Ψ 2 Φ, then there is a unique
positive linear operator ∆Φ (Ψ) in piΦ (X)
′ such that Ψ ∽ Φ√
∆Φ(Ψ)
.
Proof. Let (piΦ,HΦ,KΦ, VΦ,WΦ) and (piΨ,HΨ,KΨ, VΨ,WΨ) be the Stinspring con-
structions associated to Φ and Ψ. If Ψ 2 Φ, then ψ ≤ ϕ, and by the proof of [2,
Lemma 1.4.1], there is a bounded linear operator JΦ (Ψ) : HΦ → HΨ, such that
JΦ (Ψ) (piϕ (a)VΦh) = piψ (a)VΨh
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for all a ∈ A and for all h ∈ H. Moreover, ‖JΦ (Ψ)‖ ≤ 1 and ψ (a) = ϕJΦ(Ψ)∗JΦ(Ψ) (a)
for all a ∈ A. Since〈
n∑
i=1
piΨ (xi)VΨhi,
n∑
i=1
piΨ (xi)VΨhi
〉
=
n∑
i,j=1
〈
hi, V
∗
ΨpiΨ (xi)
∗
piΨ (xj) VΨhj
〉
=
n∑
i,j=1
〈
hi, V
∗
ΨpiΨ (xi)
∗
WΨW
∗
ΨpiΨ (xj) VΨhj
〉
=
n∑
i,j=1
〈
hi,Ψ(xi)
∗
Ψ(xj)hj
〉
=
n∑
i,j=1
〈hi, ψ (〈xi, xj〉)hj〉
≤
n∑
i,j=1
〈hi, ϕ (〈xi, xj〉)hj〉 =
n∑
i,j=1
〈
hi,Φ (xi)
∗
Φ (xj) hj
〉
=
〈
n∑
i=1
piΦ (xi)VΦhi,
n∑
i=1
piΦ (xi)VΦhi
〉
for all x1, ..., xn ∈ X and for all h1, ..., hn ∈ H , and since [piΨ (X)VΨH ] = KΨ,
there is a bounded linear operator IΦ (Ψ) : KΦ → KΨ, such that
IΦ (Ψ) (piΦ (x) VΦh) = piΨ (x) VΨh
for all x ∈ X and for all h ∈ H , and ‖IΦ (Ψ)‖ ≤ 1.
Let x ∈ X . From
(IΦ (Ψ)piΦ (x)) (piϕ (a)VΦh) = IΦ (Ψ) (piΦ (xa) VΦh) = piΨ (xa) VΨh
= piΨ (x) (piψ (a)VΨh)
= piΨ (x)JΦ (Ψ) (piϕ (a)VΦh)
for all a ∈ A and for all h ∈ H, and taking into account that [(piϕ (A) VΦH)] = HΦ,
we deduce that IΦ (Ψ)piΦ (x) = piΨ (x) JΦ (Ψ), and from(
piΨ (x)
∗
IΦ (Ψ)
)
(piΦ (y)VΦh) = piΨ (x)
∗
piΨ (y)VΨh = piψ (〈x, y〉)VΨh
= JΦ (Ψ) (piϕ (〈x, y〉)VΦh)
= JΦ (Ψ)piΦ (x)
∗
(piΦ (y)VΦh)
for all y ∈ X and for all h ∈ H, and taking into account that [(piΦ (X)VΦH)] = KΦ,
we deduce that piΨ (x)
∗
IΦ (Ψ) = JΦ (Ψ)piΦ (x)
∗
.
Let ∆Φ (Ψ) = ∆1Φ (Ψ)⊕∆2Φ (Ψ), where ∆1Φ (Ψ) = JΦ (Ψ)∗ JΦ (Ψ) and ∆2Φ (Ψ) =
IΦ (Ψ)
∗
IΦ (Ψ). Then we have:
∆2Φ (Ψ)piΦ (x) = IΦ (Ψ)
∗
IΦ (Ψ)piΦ (x) = IΦ (Ψ)
∗
piΨ (x)JΦ (Ψ)
= piΦ (x) JΦ (Ψ)
∗
JΦ (Ψ) = piΦ (x)∆1Φ (Ψ)
and
piΦ (x)
∗
∆2Φ (Ψ) = piΦ (x)
∗
IΦ (Ψ)
∗
IΦ (Ψ) = JΦ (Ψ)
∗
piΨ (x)
∗
IΦ (Ψ)
= JΦ (Ψ)
∗
JΦ (Ψ)piΦ (x)
∗
= ∆1Φ (Ψ)piΦ (x)
∗
for all x ∈ X . Therefore, ∆Φ (Ψ) ∈ piΦ (X)′ and 0 ≤ ∆Φ (Ψ) ≤ I. Moreover,
Φ√
∆Φ(Ψ)
(x)
∗
Φ√
∆Φ(Ψ)
(x) = ϕ∆1Φ(Ψ) (〈x, x〉) = ψ (〈x, x〉) = Ψ (x)∗Ψ(x)
for all x ∈ X , and so Ψ ∽ Φ√
∆Φ(Ψ)
.
Suppose that there is another positive linear operator T ⊕S ∈ piΦ (X)′ such that
Ψ ∽ Φ√T⊕S . Then Φ√∆Φ(Ψ) ∽ Φ√T⊕S , whence we deduce that ϕ∆1Φ(Ψ) = ϕT ,
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and by [2, Theorem 1.4.2], ∆1Φ (Ψ) = T , and so ∆Φ (Ψ) = T ⊕ S, since piΦ is
nondegenerate (see [1, Note 4.6]). 
The positive linear operator ∆Φ (Ψ) = ∆1Φ (Ψ) ⊕ ∆2Φ (Ψ) will be called the
Radon-Nicodym derivative of Ψ with respect to Φ.
Remark 2.13. (1) If ∆Φ (Ψ) = ∆1Φ (Ψ)⊕∆2Φ (Ψ) is the Radon-Nicodym de-
rivative of Ψ with respect to Φ, then ∆1Φ (Ψ) is the Radon-Nicodym deriv-
ative of ψ with respect to ϕ.
(2) If Ψ1 2 Φ, Ψ2 2 Φ and Ψ1 ∽ Ψ2, then ∆Φ (Ψ1) = ∆Φ (Ψ2) .
Remark 2.14. If Ψ 2 Φ, then the Stinespring construction associated to Ψ can be
recovered by the Stinespring construction associated to Φ. Indeed, let (piΦ,HΦ,KΦ, VΦ,WΦ)
be the Stinespring construction associated to Φ and ∆Φ (Ψ) = ∆1Φ (Ψ)⊕∆2Φ (Ψ) the
Radon-Nicodym derivative of Ψ with respect to Φ. Then, the pair (ker∆1Φ (Ψ) , ker∆2Φ (Ψ))
is invariant under piΦ, and so pker∆1Φ(Ψ)⊕pker∆2Φ(Ψ), pHΦ⊖ker∆1Φ(Ψ)⊕pKΦ⊖ker∆2Φ(Ψ) ∈
piΦ(X)
′. Let p1 = pHΦ⊖ker∆1Φ(Ψ) and p2 = pKΦ⊖ker∆2Φ(Ψ). Then, we have:
(1) p1
√
∆1Φ (Ψ)VΦ ∈ L(H,HΦ⊖ker∆1Φ (Ψ));
(2) p2piΦ (·) p1 is a representation of X on the Hilbert spaces HΦ⊖ ker∆1Φ (Ψ)
and KΦ ⊖ ker∆2Φ (Ψ) , since
(p2piΦ (x) p1)
∗
p2piΦ (y) p1 = p1piϕ (〈x, y〉) p1
for all x, y ∈ X ;
(3) p2WΦ ∈ L(K,KΦ ⊖ ker∆2Φ (Ψ)) is a co-isometry, since
(p2WΦ) (p2WΦ)
∗ = p2WΦW ∗Φp2 = pKΦ⊖ker∆2Φ(Ψ);
(4)[
p2piΦ (X) p1
(
p1
√
∆1Φ (Ψ)VΦ
)
H
]
=
[
p2piΦ (X)
√
∆1Φ (Ψ)VΦH
]
=
[
p2
√
∆2Φ (Ψ)piΦ (X)VΦH
]
=
[
p2
√
∆2Φ (Ψ)KΦ
]
= KΦ ⊖ ker∆2Φ (Ψ) ;
(5)[
p1piΦ (X)
∗
p2 (p2WΦ)K
]
=
[
p1piΦ (X)
∗
WΦK
]
= [p1HΦ] = HΦ ⊖ ker∆1Φ (Ψ) ;
(6)
Ψ (x) = Φ√
∆Φ(Ψ)
(x) =W ∗ΦpiΦ (x)
√
∆1Φ (Ψ)VΦ
= W ∗Φp2piΦ (x) p1
√
∆1Φ (Ψ)VΦ
= (p2WΦ)
∗
p2piΦ (x) p1
(
p1
√
∆1Φ (Ψ)VΦ
)
for all x ∈ X. Therefore,(
p2piΦ (·) p1,HΦ ⊖ ker∆1Φ (Ψ) ,KΦ ⊖ ker∆2Φ (Ψ) , p1
√
∆1Φ (Ψ)VΦ, p2WΦ
)
is unitarily equivalent to the Stinespring construction associated to Ψ.
For Φ ∈ C(X,L(H,K)), let Φ̂ = {Ψ ∈ C(X,L(H,K)); Φ ∽ Ψ}. Let Φ,Ψ ∈
C(X,L(H,K)). We say that Ψ̂ ≤ Φ̂ if Ψ 2 Φ.
For Φ ∈ C(X,L(H,K)), let [0, Φ̂] = {Ψ̂; Ψ ∈ C(X,L(H,K)), Ψ̂ ≤ Φ̂}, and
[0, I]Φ = {T ⊕ S ∈ piΦ (X)′ ; 0 ≤ T ⊕ S ≤ I}.
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Theorem 2.15. Let Φ ∈ C(X,L(H,K)). The map [0, Φ̂] ∋ Ψ̂ → ∆Φ (Ψ) ∈ [0, I]Φ
is an order-preserving isomorphism.
Proof. By Theorem 2.12, the map [0, Φ̂] ∋ Ψ̂ → ∆Φ (Ψ) ∈ [0, I]Φ is well defined.
Let Ψ1,Ψ2 ∈ C(X,L(H,K)) such that Ψ1 2 Φ, Ψ2 2 Φ and ∆Φ (Ψ1) = ∆Φ (Ψ2).
Then Ψ1 ∽ Φ√∆Φ(Ψ1) = Φ√∆Φ(Ψ2) ∽ Ψ2, and so the map is injective.
Let T ⊕ S ∈ [0, I]Φ. Then Φ√T⊕S ∈ C(X,L(H,K)) and Φ√T⊕S 2 Φ, since,
T ∈ piϕ(A)′, 0 ≤ T ≤ I, and by [2, Theorem 1.4.2], Φ√T⊕S (x)∗ Φ√T⊕S (x) =
ϕT (〈x, x〉) ≤ ϕ (〈x, x〉) = Φ (x)∗ Φ (x) for all x ∈ X . Moreover, since ∆ϕ (ϕT ) = T ,
by Remark 2.13(1), ∆Φ
(
Φ√T⊕S
)
= T ⊕ S. Therefore, the map is surjective.
If Ψ̂1 ≤ Ψ̂2, then Ψ1 2 Ψ2 2 Φ, whence it follows that ψ1 ≤ ψ2 ≤ ϕ and, by
[2, Theorem 1.4.2], ∆1Φ (Ψ1) ≤ ∆1Φ (Ψ2). From this fact, and taking into account
that piΦ is nondegenerate, we deduce that ∆Φ (Ψ1) ≤ ∆Φ (Ψ2) (see [1, Note 4.6]).
Conversely, if 0 ≤ T1 ⊕ S1 ≤ T2 ⊕ S2 ≤ I, T1 ⊕ S1, T2 ⊕ S2 ∈ piΦ (X)′, then
0 ≤ T1 ≤ T2 ≤ I, T1, T2 ∈ piϕ (A)′, whence it follows that ϕT1 ≤ ϕT2 , and so
Φ√T1⊕S1 2 Φ
√
T1⊕S1 . 
A completely positive map Φ on X is pure if for any completely positive map Ψ
on X with Ψ̂ ≤ Φ̂, there is λ > 0 such that Ψ ∽ λΦ.
Proposition 2.16. Let Φ be a non-zero element in C(X,L(H,K)). Then Φ is pure
if and only if piΦ is irreducible.
Proof. First, we suppose that Φ is pure. Let T ⊕ S ∈ piΦ (X)′ with 0 ≤ T ⊕ S ≤ I.
Then, by Theorem 2.15, Φ√T⊕S 2 Φ, and since Φ is pure, there is a positive number
λ such that Φ√T⊕S ∽ λΦ = ΦλI , whence T ⊕ S = λ2I. Therefore, piΦ (X)′ = CI,
and by [1, Proposition 4.5], piΦ is irreducible.
Conversely, let Ψ ∈ C(X,L(H,K)) such that Ψ̂ ≤ Φ̂. Then, by Theorem 2.15,
there is λI ∈ piΦ (X)′ = CI with λ > 0, such that Ψ ∽ Φ√λI =
√
λΦ, and so Φ is
pure. 
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